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Abstract 

M = 2 supersymmetry in four space-time dimensions is intimately related 
to hyperkahler and quaternionic Kahler geometries. On one hand, the target 
spaces for rigid supersymmetric sigma-models are necessarily hyperkahler 
manifolds. On the other hand, when coupled to N = 2 supergravity, the 
sigma-model target spaces must be quaternionic Kahler. It is known that 
such manifolds of restricted holonomy are difficult to generate explicitly. 
Projective superspace is a field-theoretic approach to constructing general 
N = 2 supersymmetric nonlinear sigma-models, and hence to generate new 
hyperkahler and quaternionic Kahler metrics. Intended for a mixed audience 
consisting of both physicists and mathematicians, these lectures provide a 
pedagogical introduction to the projective-superspace approach. 
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y MeUfl Ha AJHC 

roAy6bie pbSbi, 
Ho OHU Ha Ayne 
Ujiaeanib ne mozjiu 6u, — 
Hem eodbi na Jiyue, 
H Aematom pbi6bi... 

Osip E. Mandelstam 

1 Introduction 

The concept of supersymmetry in four space-time dimensions was introduced in 
theoretical physics in the early 1970s [TJ[51|3]. It is a symmetry between bosons and 
fermions in relativistic theories (field theory, string theory, etc.). The discovery of 
supersymmetry led, in a short period of time, to the appearance of new research 
directions in high-energy physics, due to remarkable properties of supersymmetric 
theories, including the following: 

• Supersymmetry has nontrivial manifestations at the quantum level; 

• Local supersymmetry implies gravity (supergravity (4j); 

• One version of local supersymmetry {J\f = 2 supergravity [S]) fulfills Ein- 
stein's dream of unifying gravity and electromagnetism; 

• String theory requires supersymmetry. 

These studies mostly involved the physics community. However, in the late 1970s 
and early 1980s supersymmetry met complex geometry. 

The year 1979, the Einstein centennial year, was special for physics and geom- 
etry. On the physics side, a work of Zumino [B] uncovered an intimate connection 
between supersymmetry and complex geometry. On the geometry side, Calabi [7j 
introduced the concept of hyperkahler geometry. The fact that the two discoveries 
took place in the same year, was just a coincidence. However, what followed in 
the next 30 years was a remarkably fruitful interaction between supersymmetry 
and hyperkahler geometry. An example of this is an influential paper by Hitchin, 
Karlhede, Lindstrom and Rocek [S]. The present lectures will give an overview of 
some of these developments. 

Nontrivial evidence for the existence of connections between supersymmetry 
and complex geometry comes from the consideration of supersymmetric nonlinear 
sigma-models. There are three relevant classic results: 

• Kahler manifolds are target spaces for rigid supersymmetric sigma-models 
with four supercharges (D < 4) [Bj. In four dimensions, D = 4, such sigma- 
models possess M — I supersymmetry; 

• Hyperkahler manifolds are target spaces for rigid supersymmetric sigma- 
models with eight supercharges (D < 6) [9j. In four dimensions, such sigma- 
models possess N — 2 supersymmetry; 
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• Quaternionic Kiihler manifolds are target spaces for locally supersymmetric 
sigHia-models with eight supercharges (D < 6) [lOj . 

Supersymmetric sigma-models generalize ordinary bosonic ones. It is pertinent 
here to recall that a bosonic nonlinear sigma-model is a field theory over a space- 
time X in which the fields take values in a d-dimensional Riemannian manifold 
{A4'^,g) (known as target space). If X is four-dimensional Minkowski space, M*, 
the sigma-model action is 



where (p^{x) are scalar fields on M"* and local coordinates on A^*^ (more precisely, 
the field ip{x) takes its values in M'''). 

Unlike Kahler metrics, the hyperkahler and quaternionic Kahler metrics are 
rather difficult to generate explicitly [TT]. In this regard, it turns out that the 
sigma-model results of O HOl have an important implication that was not immedi- 
ately recognized and appreciated. The idea is that off-shell J\f = 2 supersymmetry, 
provided its power is properly elaborated, is a device to generate hyperkahler and 
quaternionic Kahler structures [TH [131 H] ■ More precisely, suppose it is possible to 
develop a formalism for constructing Af = 2 rigid supersymmetric sigma-models 
generated by a Lagrangian of reasonably arbitrary functional form (say, an ar- 
bitrary real analytic function of several variables). Then, for any choice of the 
Lagrangian, the target space metric must be hyperkahler. Any deformation of the 
Lagrangian will lead to a new Af ~ 2 sigma-model, and hence to a new hyperkahler 
metric. 

It appears that the only way to make the above idea work is to develop Af ~ 
2 superspace techniques for constructing general Af — 2 supersymmetric sigma- 
models. Indeed, superspace is known to provide unique opportunities to engineer 
supersymmetric theories. Two fully-fiedged A/" = 2 superspace approaches have 
been developed: (i) harmonic superspace [HI US]; and (ii) projective superspace 
[12 [ini [m HI] (see also [H] for a related construction in two dimensions). The 
former is more generaj^ [20l [21]; it is also powerful in the context of quantum 
Af = 2 super Yang-Mills theories. However, it is the latter approach which is 
ideally designed for sigma-model constructions. These notes provide a pedagogical 
introduction to the projective-superspace approach. 

It should be noted that the problem of generating quaternionic Kahler metrics 
can be reduced to that of hyperkahler ones. There exists a remarkable one-to- 
one correspondence between 4n-dimensional quaternionic Kahler manifolds and 
4(n-|-l)-dimensional hyperkahler spaces possessing a homothetic conformal Killing 
vector, and hence an isometric action of SU(2) rotating the complex structures 
[22] (see also [53]). Such hyperkahler spaces are called Swann bundles in the 
mathematics literature |24j . and hyperkahler cones in the physics literature |25j . 

^Off-shell projective multiplets and their couplings can be obtained from those emerging 
within the harmonic-superspace approach via a singular truncation of multiplets |20| or, equiva- 
lently, by integrating out some auxiliary degrees of freedom [21j . 




(1.1) 
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Hyperkahler cones are target spaces for N —2 rigid superconformal sigma-models 
Therefore, it is sufficient to develop techniques to generate arbitrary N = 

1 rigid supersymmetric nonhnear sigma-models, and hence hyperkahler metrics. 

These notes are organized as follows. In order to make our presentation rea- 
sonably self-contained and accessible to mathematicians, two introductory sections 
are included. Section 2 is devoted to algebraic aspects of supersymmetry (the M- 
extended super- Poincare group, its algebra, superspace), while section 3 presents 
elements of field theory in superspace. Section 4 describes the formulations of 
M —\ and M — 1 supersymmetric nonlinear sigma-models in terms of A/" = 1 chi- 
ral superfields. In section 5, we introduce an extension of the M = 1 conventional 
superspace by auxiliary bosonic directions, 

Mf'ls — ^ M*!^ X = M-*l« X 52 , (1.2) 

and give a brief introduction to the harmonic and projective superspace approaches. 
Off-shell projective supermultiplets and related constructions are discussed in sec- 
tion 6. In section 7, we present the most general M = 1 off-shell supersymmetric 
nonlinear sigma-models in projective superspace, and then review two versions 
of the Legendre transform construction: the generalized and linear ones. As an 
application of the methods developed, in sections 8 and 9 we review various as- 
pects of the N = 2 supersymmetric sigma-models on cotangent bundles of Kahler 
manifolds. Section 10 includes comments on the topics not covered. This pa- 
per is concluded with two technical appendices. Appendix A is devoted to the 
A/'-extended superconformal group in four space-time dimensions. Appendix B 
contains essential information about canonical coordinates for Kahler manifolds. 

Our notation and two-component spinor conventions correspond to those used 
in two textbooks [371 HH]- In particular, the Minkowski metric is chosen to be 
'Hrnn = diag (— 1 , -|-1, -|-1 , -|-1) . A brief summary of the two-component (iso)spinor 
conventions is given in Appendix C. 

2 Algebraic aspects of supersymmetry 

In our presentation of the A/'-extended super-Poincare group and superspace, 
we follow the 1973 paper by Akulov and Volkov [29 in which these concepts were 
introduced for the first time0 

2.1 Matrix realization of the Poincare group 

Denote by ^(4) the universal covering group of the restricted Poincare group 
ISOo(3,l). The principle of relativistic invariance states that ^(4) must be a 
subgroup of the symmetry group of any quantum field theory. 

■^The Akulov- Volkov paper 1291 was submitted to the journal Theoretical and Mathematical 
Physics on 8 January 1973, and published in January 1974. It remains largely unknown, probably 
because it was published in a Russian journal. The concepts of the A/'-extended super-Poincare 
group and superspace have been discussed in many books and reviews, however the pioneering 
approach of [29) is still one of the best. 
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Traditionally, *P(4) is realized as the group of linear inhomogencous transfor- 
mations on the space of 2 x 2 Hermitian matrices (with g being the Pauli matrices) 

X := x^a^ = = (x^p , = (I2, a) , x"" € M.^ (2.1) 

defined to act as follows: 

X ^ x' = x'^'am = MxM^ + b, b = h^dm , (2.2) 

with 

M = {MJ) e SL(2, C) , 6™ G . (2.3) 
Here := M"^ denotes the Hermitian conjugate of M, and M = (M- ^) the 



complex conjugate of M, with M^" := M^^ . 

The above realization of ^P(4) admits a useful equivalent form, as the group of 
linear inhomogeneous transformations on the space of 2 x 2 Hermitian matrices 

X := x"'a^ =x^ = {x"'^) , a„ = (I2, -a) , x" e (2.4) 
defined to act as follows: 

i ^ i' = x'™a„ = (M-i)tiM-^ + 6, b = b"'am- (2.5) 

The matrices (am) ^ and {am)"^ turn out to be invariant tensors of the restricted 
Lorentz group S0o(3, 1), and they transform into each other under space reflection 
X™ = (x°, x) ^ x"" := (x°, -x). 

For our subsequent consideration, it is advantageous to realize *P(4) as a sub- 
group of the group SU(2, 2), which is a 4-1 covering of the conformal group in four 
space-time dimensions, consisting of all block triangular matrices of the form: 



M 





-ibM 


(M-i)t 



(M,6):= ( ^-^^^ I ) =(l2,6)(M,0) , (2.6) 

M e SL(2, C) , b := V^dm = 1) , 6" e . 

It is well known that Minkowski space = R^'^ is a homogeneous space of the 
Poincare group, and can be identified with the coset space ISOo(3, 1)/S0o(3, 1). 
However, it can equivalently be realized as the coset space 

=q}(4)/SL(2,C) . (2.7) 

Its points arc naturally parametrized by the Cartesian coordinates x™ e cor- 
responding to the coset representative: 



12 





—\x 


I2, 



(l2,a;) = -l =exp 









—\x 






(2.8) 
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From here one can read off the action of *P(4) on M^: 

{M,b){l2,x)^{l2,x'){M,Q) ^ a;"" = (A(Af))"„x" + 6" . (2.9) 
Here A: SL(2, C) — S0o(3, 1) is the doubly covering homomorphism defined by 



(A(M))"„ = --tr(a"Ma„Mt) 



(2.10) 



The right-hand side of (2.9) coincides with the standard action of ISOo(3,l) on 
Minkowski space. 



2.2 Matrix realization of the super-Poincare group 

Supersymmetry is the only consistent and nontrivial extension of the Poincare 
symmetry that is compatible with the principles of quantum field theory |30| . 

Denote by *p(4|A/') the A/'-extended super-Poincare group. It can be realized as 
a subgroup of SU(2, 2|A/'), the A/'-extended superconformal group (see Appendix 
A for its definition). Any element g G *p(4|A/') is a (A+Af) x (A + Af) supermatrix 
of the form: 



g = sib,e)hiM) , 



h{M) := 







-ib 



(+) 







2e 



M 



where M e SL(2, C) and 



(M-i) 



\ 





i = 1,..., 


5J 








■ ua0 







2e/ 












1a/-/ 














(M-1)." 














(2.11a) 
(2.11b) 

(2.11c) 



'(±) 



± iCiCr e — ±ie^ [a )aa^ 



(2.12) 



The group element s(b, e) is generated by four commuting (or bosonic) real pa- 
rameters 6™, 2J\f anti-comm.uting (or fcrmionic) complex parameters ef and their 
complex conjugates e"', e"' := ef . In supersymmetric quantum field theory, the 
various elements of *P(4|A/') correspond to several different symmetries, specifi- 
cally: h(M) describes a Lorentz transformation, s(6, 0) a space-time translation, 
and s(0, e) a supersymmetry transformation. 

It is easy to check that the set of supcrmatrices *P(4|A/') introduced is a group. 
This follows from the easily verified identities: 



s{b,e)s{c,r]) = sid,e + r]) , 
h{M)s{b,e)h{M-^) = s(A(M)6,£) , 



(2.13a) 
(2.13b) 
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where we have defined 



£ := £ 



M-1 











(2.14) 



By definition, jV^-extended Minkowski superspace is the homogeneous space 
M4|4Ar ^ fp(4|_v-) /SL(2, C) , (2.15) 



where SL(2,C) is now identified with the set of all matrices h{M). The points of 
M^l^ can be parametrized by the variables 



which correspond to the following coset representative: 
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s{z) := 8{x, 0) = 


-ix(+) 




20 = exp 


V 


26 





1a^/ 



-1 X 



\ 20 



29 



(2.16) 



(2.17) 



/ 



The action of ^{4\N) on M"!'^ is naturally defined by 

g = s{h,£)h{M): s{z) ^ s{z') := s{h,£)h{M)s{z)h{M-^) . (2.18) 

Using this definition allows one to read off a Poincare transformation associated 
with 5 = 5(6, 0)h{M) 

x"^ = (A(M))'"„a;" + 6" , Of = (M'^)^" , (2.19) 

as well as a supersymmetry transformation corresponding to 5 = s(0,£) 

(2.20) 



X = X -\- \\yia e — 



2.3 The super-Poincare algebra 

We can represent group elements of ^{A\J\f) in an exponential form: 



s{b,£) = expij-fe^P^ + ef Qj, + ?. Qf} , 



(2.21a) 



/i(e5 




























= exp <^ - w™" J, 



{^w'""Jmn} , (2.21b) 



where w"*" = — w"'" are real parameters, and 

(^mn ■= --^(o-m^n - (^n^rn^ , ^mn ■= - ^(^^m(^n - ^nO'mj ■ (2.22) 
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Here P„i, Jmn, Qa and Qf are the generators of the Lie superalgebra p(4|AA) of 
*P(4|A/'). In field-theoretic representations of p(4|A/'), Pm = {—E-,P) is identified 
with the energy-momentum 4- vector, Jmn the Lorentz generators, and and Qf 
the supersymmetry generators. 



Making use of eq. (2.13a), one can derive the (anti-)commutation relations: 



[P„„P„] = , 



= , 
} = o. 



(2.23a) 
(2.23b) 
(2.23c) 

(2.23d) 



In conjunction with commutation relations involving the Lorentz generators, which 



can be readily derived with the aid of (2.21b I, the above (anti-)commutation re- 



lations constitute the A/'-extended super-Poincare algebra. The N — \ super- 
Poincare algebra was discovered in 1971 by Golfand and Likhtman [T]. 



2.4 Adding the R-symmetry group 

The super-Poincare algebra p(4|A/') has a nontrivial group of outer automor- 
phisms that is isomorphic to U(A/') and is known as the i?-symmetry group. The 
A/'-extended super-Poincare group *P(4|A/') can be generalized to include the R- 
symmetry group. The resulting supergroup is denoted *Pa(4|A/'). Any element 
g e *Pa(4|7V) is a (4 -I- a/") X (4 + 7V) supermatrix of the form 2_9J: 



9 



Sib,£) 



s{b,£)h{M, U) 
/_ I2 

V 



ib 



(+) 



2e 



2e 



■ M 



h{M,U) := 



\ 



U - ([//) e \J{Af) 



A/'-extended Minkowski superspace is the homogeneous space 
M^l^ ^«Pa(4|AA)/SL(2,C) X U(AA) . 



(2.24a) 
(2.24b) 

(2.24c) 
(2.25) 



In the case AA > 1, the super-Poincare algebra can be further generalized to 
include central charges [3D] . Such a generalization was not considered in [55] . 



3 Field theory in superspace 

This section is a mini-introduction to supersymmetric field theory. It con- 
tains only those concepts and results that we consider absolutely essential for the 
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subsequent discussion of supersymmetric nonlinear sigma-models. Comprehen- 
sive reviews of supersymmetric field theory can be found, e.g., in the textbooks 

EllEHlETI. 



3.1 A brief review of the coset construction 

Here we succinctly review the salient points of Cartan's coset construction. 
From the point of view of a theoretical physicist, this is a procedure to develop a 
field theory on a homogeneous space X — {x} of a Lie group G. The homogeneous 
space can always be realized as a left coset space 

X = G/H, (3.1) 

for some closed subgroup H of G. We denote by tt the natural projection, tt : G — > 
G/H, defined by n{g) — gH, for any g £ G. 

For simplicity, we assume the existence]^ of a global cross-section (also known 
as coset representative) s{x) : X G such that 

TT o s — id 7r(s(x)) — X , \fg £ G . (3.2) 

We then have the following unique decomposition in the Lie group G: for any 
group element g E G there exist unique x £ X and h E H such that 

g = s{x) h . (3.3) 

Now, the fact that G acts on X ~ G/H can be expressed as follows: 

gs{x)^s{g-x)h{g,x) = s{x')h{g,x) , h{g,x)eH (3.4) 

where h{g,x) obeys the property (see, e.g., j^ ) 

h{9i92,x) = h{gi,g2x)h{g2,x) . (3.5) 

Let i? be a finite-dimensional representation of on a vector space V. We 
then can define a representation T of G acting on a linear space of fields (p{x) over 
X with values in V, if : X ^ V, hy the rule: 

T{g)^]{g ■ x) = ^'{x') ^ R(^h{g,x))v{x) . (3.6) 

The representation T is called induced (more precisely, the representation of G 
induced by the representation R of the subgroup H), see, e.g. [32] for more 
details. The notion of induced representation is indispensable to quantum field 
theory. The point is that all relativistic fields we deal with in physics, are examples 
of this construction. 



^Quite often, no global cross-section exists, and then one has to restrict the consideration to 
local coordinate charts. For example, this happens ii X = = SU(2)/U(1) and G = SU(2). 
However, in some cases of interest, one can construct such a global cross-section. This is indeed 
the case if X = M"'!*-^ and G coincides with q3(4|Ar) or ?Pa(4|A^). 
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The notion of induced representation can be reformulated in a way that requires 
no use of h{g,x) [35]. Consider a linear space of V-valued functions on G, 4>{g), 
such that (j){gh~^) = R{h)<j){g), for arbitrary g & G and h G H. On this space, we 
can define a representation T of G by 

T{g)<l>] (go) - ^{g-'go) , (3.7) 

which can be seen to be equivalent to the induced one. Indeed, the construction un- 
der consideration reduces to that considered above by introducing (p{x) :— (f)(^s{x)) . 

Our next task is to learn how to differentiate fields f{x) over X in a G-covariant 
way. Denote by G and H the Lie algebras of G and iJ, respectively. Suppose 
that there exists a complement IC oi H in Q which is invariant under the adjoint 
representation of H on the Lie algebra Q. Thus we have 

g = ICisH, [H,H](eH, [■H,/C]e/C. (3.8) 

Let {Ta} be a basis of /C, and {%} a basis for H. Introduce the left-invariant 
Maurer-Cartan one-form: 

s^^ds = E + n, (3.9a) 
E = dxt'E^°'{x)Ta = E"Ta , (3.9b) 
n = da;^ nf,'{x)% = fla'Ti . (3.9c) 

Here a;^ are local coordinates on X, the one-forms {E"} constitute the vielbein, 
and f2 is called the connection. Associated with a group element g G G is the 
transformation 

X — > x' = g ■ X s{x) — > s{x') = gs{x)h^^{g,x) (3.10) 

which leads to: s^^ds h,(s~^ds)ft,^^ — dhh^^, and hence 

E hEh^ , n hVLh^^ -Ahhr^ . (3.11) 

The vielbein is seen to transform covariantly under G, while the transformation 
law of Q, includes an inhomogeneous piece typical of gauge fields. 
Let Lp{x) be a field over X with the group transformation law: 

^{x) ^ v'{x')^h{g,x)^{x) , (3.12) 

where, for simplicity of notation, h{g,x) stands for R(ji(g, x)j . The covariant 
derivative of tp is defined as follows: 

Vip -.^ {d + n)ip = E°'Vaip , Vaip := {Ea + na)ip . (3.13) 

Here {E^ = -Ba^(a:)9^} is the dual basis of {E" = dx^'Ef,°'{x)}, that is 

E^^ix)E/ix) = 5/ ^ E^"{x)E^-'{x) = 5/ . 
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It should be remarked that the coset representative s{x) is not uniquely defined. 
The intrinsic freedom in its choice is described by gauge transformations 

s{x) I{x) -.^ s{x) i-\x) , e{x)eH, (3.14) 

with £{x) completely arbitrary. Under such a transformation, the geometric objects 
and fields change as follows: 

h{g,x) h{g,x) ~ £{g ■ x)h{g,x)£^^{x) , (3.15a) 

E E = £Ee-^, n h = me-^ -d£i~'^ , (3.i5b) 

(fi — !• ip — £ip . (3.15c) 



3.2 Flat superspace geometry 



We can now apply the general formalism developed above to the case of the 
A/'-extended superspace M^'"'-'^, using the following correspondence: 



X 


G 


H 


9 


h 




s{x) 


h{g,x) 




mm 


SL(2,C) 


s{h,e)h{M) 


h(M) 




s{z) 


h{M) 



Here we have denoted z — (a:™, 9^, 01 ). It is important to point out that h{M), 

which corresponds to h{g, x) in the case under consideration, has no explicit de- 
pendence on the superspace coordinates z^^ . It only remains to identify elements 
of the super-Poincare algebra that correspond to the generators Ta and 7^: 



r„ ^ Ta ■■= {Pa,Q],,Qt) , % 
As a result, we can read off the Maurer-Cartan form 



Jn 





f " 










— i e 





2d6i 




2d6l 









dx" + Ueia''d0' -de^a^e' 



In particular, for the vielbein and connection we get 

= dz^^eM^iz) = {e", dO^, dOl) , n^O 



(3.16) 



(3.17) 



The components of the vielbein, e^, comprise the supersymmetric one- forms, i.e. 
those one-forms which are invariant under the supersymmetry transformations. 



Following (3.13), for the covariant derivatives we obtain 
d 



V = d = dz^' 



dzM 



(3.18) 



where the spinor covariant derivatives have the form: 



D. =- 



d 



^(a%.9, . (3.19) 



In the A/" = 1 case, we denote z*^ = (a;™, ^^,6*^) and Da = {da,Da,D") 
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3.3 Superfields 

In accordance with ( |3.6[ ), a tensor superfield W(z), with all indices suppressed, is 
defined to transform under the super-Poincare group as foUows: 

g^s{b,e)h{M): W(z) — > W' (z') = R{M)Wiz) , (3.20) 

with R a finite-dimensional representation of SL(2,C). The important concept of 
superfields was introduced by Salam and Strathdee j33| . 

In the case of an infinitesimal supersymmetry transformation {g — s(0, e)), eq. 
( |3.20| ) gives 

SW := W'{z) - Wiz) = i {ef + ^1 Of) W , (3.21) 
where the supersymmetry generators have the form: 

+ 9. ' '^.^ = -i J- - ^.f (-^),. a. . (3.22) 

lfyV{z) is a tensor superfield, then Z?yi>V(z) is also a tensor superfield. This implies 
that the covariant derivatives commute with the supersymmetry transformations, 

[DA,e^ Q'p] = [Da, e^. Of ] - . (3.23) 

The spinor covariant derivatives obey the following anti-commutation relations: 
{Dl,,Dl} = {D.^,D.^} = , {Da,D.^} = -21^;. (a^)^. 9, . (3.24) 

3.4 Chiral superfields 



Let us return to the coset representative (2.17) and consider its first (4+7V) x 2 
block-column 



C(a;(+),6')= -i5;(+) , x'^l^ - x"' + 10^9' . (3.25) 




In accordance with (2.18), the super-Poincare transformation law of C(a;(_|_), 0) is: 
C{x(^+^,e) ^ Cix[^-^,e') :^ gCix^+),0)M-\ g = s{h,e)h{M) . (3.26) 

It follows that the variables and Of transform amongst themselves (that is, 

they do not mix with 0"') under *P(4|A/'). This means that all superfields, which 
depend on x^-j and Of only, preserve this property under the super-Poincare 
group: 

^{z) := ^{x(+),0) =^ <i>'{z)^R{M)^{g-^ ■z)^^'{x(+),0) . (3.27) 
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Such superfields are singled out by the following first-order differential constraints 
^«* = ^ =e"''"'"^"^'"^(a;,0) (3.28) 

and are called chiral. 

The Af = 1 chiral scalar supermultiplet was discovered by Wess and Zumino [3] 
in a component form, and some time later re-cast in superspace. Chiral superfields 
are indispensable in the context of A/" = 1, 2 supersymmetric theories. 



3.5 Supersymmetric action principle 

In order to construct supersymmetric field theories, we have to learn how to 
generate supersymmetric invariants. For this, an indispensable mathematical con- 
cept is that of Berezin integral 34 . 

Consider a function f{9) of one Grassmann variable or, equivalently, a func- 
tion over M°l^. Integration over M'^'-'^ is defined by 



8=0 



(3.29) 



This definition can be immediately generalized to define integration over Fi- 
nally, in conjunction with the standard notion of integration over W , we can define 
integration over a superspace M^'^ as a multiple integral. A detailed discussion can 
be found, e.g., in 28;. 

In the case oi N = 1 supersymmetry, the construction of the most general 
supersymmetric actions turns out to be almost trivial. Let L{z) be a real scalar 
superfield. Then 



S 



(3.30) 



is invariant under the M = 1 super-Poincare group. To prove the invariance of S, 
we note that it can be represented in the following equivalent forms: 



S = — I d^xD'^D^DaL 
16 



= — / d^xD.D^D^L 

}=o 16 



i=0 



(3.31) 



where we have made use of the identity 



D-D^D" 



The proof goes as follows: 



OSUSY 



s = 



1 

16 



L 



d'^xD'^D^Dai^eQ + eQ 
^ J d'^x (^eQ + iQ^D'^D^DaL 



16 
1 

16 



d'^x [eD + eD]D°'D^DaL 



8=0 



1=0 



8=0 



D-D'^ 



(3.32) 



d'^xdr.r^O, (3.33) 
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for some field Here we have made use of (z) the explicit form of the spinor 

covariant derivatives (3.19) and the supersymmetry generators (3.22), as well as 



(ii) the anti-commutation relations (3.24) 



Along with the representations (3.31 1, the action (3.30) can also be written as 



S 



1 

16 



(TxD^D^L 



1 



i=0 



D^L . (3.34) 



The superfield Lc introduced can be seen to be chiral. This exercise leads to a new 
procedure to construct M = 1 supersymmetric invariants. Given a chiral scalar 
£c, D-Cc — 0, the functional 



Sc := / d^a;d^6'£. 



(3.35) 



is invariant under the = 1 super-Poincare group. 

The above simple rules of constructing supersymmetric invariants can be read- 
ily generalized to the case J\f > 1. However, it turns out that this does not allow 
one to obtain the most interesting actions. 



4 Nonlinear sigma-models in J\f = 1 superspace 

In four space-time dimensions, nonlinear sigma-models can possess two types 
of supersymmetry: (i) A/" = 1 supersymmetry or (ii) M = 2 supersymmetryj^ Here 
we review their formulations in terms of A/" = 1 chiral superfields. In what follows, 
for the Grassmann integration measure we will use the notation d^O :— d^OA^O. 

4.1 N = 1 supersymmetric nonlinear sigma-models 

In 1979, Zumino [Sj put forward the following J\f = 1 supersymmetric theory: 

5 = j A'^xd^eK{^°-,^^) , £)_^$° = (4.1) 

with the dynamical variables being n chiral scalar superfields, <I>''(z), and their 
complex conjugates, $''(z). The above action is obtained from that describ- 
ing n free massless scalar multiplets by replacing its quadratic Lagrangian, 
iiro($,$) = 5jjf,'I>°$'', with an arbitrary real analytic function. A key result of 



the work of [6] is the geometric interpretation of the theory (4.1) it provided. It 
demonstrated that the Lagrangian can be interpreted as the Kdhler 

potential of a Kdhler manifold Ai, parametrized by local complex coordinates '^'^ , 
with the following Kdhler metric: 

d^K 

9a-bi'^,^) ^ o^aa^fc =Ka-b , 9ab=9a-b=0- (4-2) 



*Only in these cases one can define a scalar supermultiplet comprising fields of spin and 1/2. 
The M = 2 scalar supermultiplet is also called a hypermultiplet. 
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Here and in what follows, we use the notation: 

dP+iK 



K. 



ai...ap bi...bq 



-u ■ (4-3) 

. . . (9$°p . . . 

As is well-known, the metric on M can locally be expressed in terms of a single 



function, eq. (4.2), due to the fact that the Kahler form 

a; = ig,,,d<f'^Adl'^ 



(4.4) 



is closed, do; = 0. The metric (4.2 ) does not change under a Kdhler transformation 

X($,l>) — > + A($) + A(l') , (4.5) 

with A($) an arbitrary holomorphic function. For the above interpretation of the 
theory ( |4.1[ ) to be correct, the action functional must be invariant under arbitrary 
Kahler transformations. This indeed follows from the facts that (i) the action can 
be represented, due to (3.32), as 



16C : = D"D^Dc,K\ 



0=0 



= D.D^D°'K\ 



6=0 



and (ii) the space of chiral superfields has a ring structure, that is 
D^q><^ = — > D^A{<^>) = . 



(4.6) 



(4.7) 



The above analysis actually shows that the component Lagrangian, C, in (4.6) 
is invariant under arbitrary Kahler transformations (4.5). This property allows us 
to demonstrate that the theory is independent of a choice of local coordinates in 
the target space. Specifically, if {J7(i), <I>(i)} is an atlas on M, and if(i)($(j), i>(j)) 
is the local Kahler potential corresponding to the chart J7(i), then one and the 
same point p E M can belong to several charts. In the intersections of two charts, 
/7(i) and U(j), we have 



(4-' 



for some holomorphic functions A($) and /'^($). From here we can see that the 
Lagrangian C is indeed independent of the choice of -ftT^^) made. 

Let us turn to computing the component Lagrangian. Introduce the component 
fields of ^°-{z) by the rule: 



|^''(x) + 6iV"(a;)+6|2F"(a;)} . (4.9) 



Here (p^ and are complex scalar fields, while i/'S ^ spinor field. Direct calcula- 
tions lead to 



C 



16 



(4.10) 
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where V„iV'" denotes the covariaiit derivative of ip"", 

V™V" + (5™/) r^,((p, ^) r , (4.11) 

and we also define 

^'^:=F''-ir?,(^,^)^V. (4.12) 

Finally, r^^((p, (^) and Rahcdif^ v) denote the Christoffel symbols and the Riemann 
tensor associated with the Kahler metric g^i{ip,if), 

^bc = 9°''^^bcd ; Robed — ^acbd ~ 9ef^a.c ^(d ' (4.13) 

The equations of motion for the Fs are: 

^•^ = ^ F^^^-TUV,^)^'^' ■ (4.14) 

The fields F"" and their conjugates F"" appear in the action without derivatives. 
When their equations of motion hold, they become functions of other fields. Their 
sole role is to have supersymmetry linearly realized. Such fields are called auxiliary. 



4.2 M = 2 supersymmetric nonlinear sigma-models 

How to construct Af — 2 supersymmetric nonlinear sigma-models? A possible 
approach is to work in terms oi J\f = 1 superfields. In such a setting, one starts 
from the general Af = 1 supersymmetric nonlinear sigma-model [6] 

S = J d^xd*eSi{^'',^^) , D^<^>'' = , (4.15) 

which is associated with some Kahler manifold Ai , and look for those target space 
geometries which are compatible with an additional hidden supersymmetry. 

As a first step, it is necessary to make an educated guess regarding the explicit 
form of a second supersymmetry. A correct ansatz was proposed in |35l I36j . It is 
defined modulo an irrelevant trivial symmetry transformation (that is proportional 
to the equations of motion), such as 

Sip' = ^^M. ^ = -P* (4.16) 

that any theory S[tp] of bosonic fields (p' possesses. The second supersymmetry is: 

S^" = ^D'^(i{9)fl''^ , S^"" ^^D'^(ei9)n''^ , (4.17) 

for some functions 17" ~ il''(<I>,$) associated with the Kahler manifold M. Here 
the transformation parameter e{9) has the form: 

e(6l) = T + e"6'c. , r, e" = const , (4.18) 
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where e" is the supersymmetry parameter, while t generates a central charge 
transformation. Actually, the latter transformation should be a trivial symmetry, 
for it is not present in the supersymmetry algebra (2.23c) and (2.23d I. However, 



it is natural to keep it in (4.18), because such a transformation is generated, off 



the mass shell, by commuting the first and second supersymmetries. 

There are two simple observations to justify the fact that the ansatz (4.17) is 
indeed general. Firstly, since i5<i>° must be chiral, it can be represented ^'i*'^ — 
D^{. . .). Secondly, we can assign dimension zero to and then any function 
f2"($,$) is also dimensionless. The mass dimensions of e", 6*" and are, re- 
spectively, — 1/2, —1/2 and +1. These observations lead to (4.17). To be more 



precise, it is possible to deform the variation given in (4.17) by adding a term 
proportional to e'^OaD^^"' ■ However, the latter proves to generate a trivial sym- 
metry (see, e.g., [37] for more details), and therefore can be ignored. In section 



9, we show that the transformation law ( |4.17 1 naturally follows from an off-shell 
formulation for Af — 2 supersymmetric nonlinear sigma-models. 

The next steps should be to analyze the implications of the requirements that 
(i) the action (4.151 be invariant under the transformations (4.17); and (ii) the 



first and second supersymmetry transformations form the Af 
algebra on the mass-shell. This analysis was carried out in [36 
summarize the results obtained. 



2 super-Poincare 
and here we only 



The action (4.15) is invariant under the transformations (4.171 if the follow- 



ing conditions hold: 



and 



56a 



-Web 



Va^bc = . 



(4.19) 



(4.20a) 
(4.20b) 



It can be shown that ujbc j^) is a globally defined holomorphic two-form on 
TWQ Eqs. ( |4.20a[ ) and ( |4.20b| ) mean that the two-form cubc is covariantly 
constant, and therefore the target space is a manifold of restricted holon- 
omy. 

• The first and the second supersymmetries form the N = 2 super-Poincare 
algebra (with i, j = 1, 2, where the values of isospinor indices are underlined 
for later convenience), 

{Q].,Q'p) = {Qc.^.Qp,) = Q , {QL,(3«} = 2<5i (ae)^^P% (4.21) 

on the equations of motion if 

= -(5% . (4.22) 



^This follows from the fact that, on the mass shell, the variations S^"' and 5<1?" in ( |4.17[ l 
should constitute a vector field on Ai. 
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A detailed derivation of the above results can be found in [37]. 

Denote by J3 the complex structure chosen on the target space M., 







-iS\ 



(4.23) 



It foUows from the previous resuhs that there exist two more covariantly constant 
complex structures 



Ji 







9 ^cb 




J2 











(4.24) 



such that (i) A4 is Kahler with respect to each of them; and (ii) the operators 
J A — (Ji^ J3) form the quaternionic algebra: 



Ja Jb — —^AB 1 + £abcJc 



(4.25) 



Therefore the target space is a hyperkahler manifold. 

Given a hyperkahler space (A^, g, J a), we pick one of its complex structures, say 
J3, and introduce complex coordinates compatible with it. In these coordinates, 
J3 has the form (4.23 1. Then, two other complex structures, Ji and J2, are given by 
eq. (4.24). Th e mat rix elements of Ji and J2 are determined by the holomorphic 
two- form, eq. (4.191, from which we cannot directly read off the functions fJ" and 
ri"^ appearing in (4.17), but only their partial derivatives. Ref. [36, presented the 

(4.26) 



following explicit expression for 17": 

= W'^''($)j?f,($,#) . 

Although rj" changes under the Kahler transformations as 

A($) 



J?($,$) + A($) 



(4.27) 



the supersymmetry transformation (5$° — ^^'^(eri'^) remains invariant. 



The Lagrangian of the Af — 2 supersymmctric sigma-model, eq. (4.15), is the 
hyperkahler potential of M. 



5 J\f =2 superspace with auxiliary dimensions 

As with the component {M ~ 0) formulation for general A/" — 2 supersymmctric 
nonlinear sigma- models [21 [TU] , their formulation in terms of A/" = 1 superfields 
described above is just an existence theorem. The M — \ formulation has two 
major drawbacks: 

• It is not suitable from the point of view of generating J\f = 2 supersymmctric 
nonlinear signia-models; 
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• It provides no insight from the point of view of constructing Af ~ 2 super- 
conformal nonlinear sigma-models. 

To overcome the drawbacks of the Af = 1 formalism is hardly possible without 
making use oi M = 2 superspace techniques. However, in the early 1980s there 
emerged a conceptual problem concerning such techniques. It was realized that 
standard multiplets defined in the conventional M = 2 superspace M"''^ are not 
suitable (say, too long) for sigma-model constructions. A way out was to look for 
an extension of the conventional superspace. 

The correct superspace setting was found in 1983-1984 independently by three 
groups who pursued somewhat different goals [38l [TH [12] . It is 

M'^ls X = M^^l® X S"^ . (5.1) 

Below, we will briefly discuss each of the three approaches mentioned. 

5.1 Isotwistor superspace 

In order to introduce the construction given in |38j . we should start from the 
algebra oi M —2 spinor covariant derivatives {i.j = 1, 2): 

, i^'^} = , p^,^n = 0, {D\,m^2\e^={an .d^. (5.2) 

Following the worl|^of jS^, introduce an isotwistor i;* G \ {0} and define 

f)^:=v,Dl. (5.3) 
Then, the anti-commutation relations ( |5.2[ ) imply that 

{S)„,D4 = {2)„,2).} = {2).,S.} = . (5.4) 

These relations allow us to introduce a new type of superfields obeying the (Grass- 
mann) analyticity constraints: 

= 2) . = , (t>^<f>iz,v,v) , vr-^ivY. (5.5) 

Such a superfield depends of half of the Grassmann coordinates. 

The constraints = '^^4' = do not change if we replace — cw', with 
c € C*, in the definition of S„ and J)-. It is natural to restrict our attention 
to those superfields which (i) obey the constraints 'I>a4> = ^^4> = and (ii) only 
scale under arbitrary re-scalings of v: 

^(z,cw,ct;) = c"+c"-0(z,w,w) , ceC* (5.6) 

for some parameters n± such that n+ — n_ is an integer. By redefining 0(z, w, v) — >■ 
(^(z, w, v)/(w^u)"" , we can always choose n_ = 0. Any superfield with the homo- 
geneity property 

^(")(z,cz;,cz;) = c" (z,i;,i;) , c e C* (5.7) 

^Rosly's approach [38) was inspired by earlier ideas due to Witten |39| . 
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is said to have weight n. A weight-n isotwistor superfield is defined to obey the 
following properties: 

£>„0(") = 2)^<?!)(") = , 0(")(z,ci;,cw) = c" (z, I-, t;) , c e C* . (5.8) 

We see that the isotwistor e \ {0} is defined modulo the equivalence rela- 
tion v'' ~ cv^, with c G C* , hence it parametrizes CP^. The isotwistor superfields 
introduced live in the space M*'^ x CP^ which was called isotwistor superspace by 
Rosly and Schwarz [10] . 

Given an isotwistor superfield 0''"'(u*, Uj), its complex conjugate 



^\v„v^) := (P("'){v\vj) (5.9) 



is no longer isotwistor, for it satisfies neither the constraints (5.5 1 nor the homo- 
geneity condition (5.7 1. This is completely similar to the situation with the chiral 
superfields. However, there is a fundamental difference between the isotwistor and 
chiral superfields: for the former one can define a modified conjugation that maps 
any isotwistor superfield 0*^"^ (w* , Vj ) into an isotwistor one 0^"^ (w* , Vj ) defined as 
a composition of the complex conjugation with the antipodal mapping on S^: 

0(")(u\ Vj) — > 0(")(wi,w^') — > ^ -v„v' v^^ =: $^''''>{v\vj) . (5.10) 

The weight-n isotwistor superfield 0''"'(w',Wj) is said to be the smile-conjugate of 
^(") (^' ,Vj). One can check that 

0(")(W,Z;) = (-l)"0(")(v,v) . (5.11) 

Therefore, if the weight n is even, real isotwistor superfields can be defined, 

0(2™) („^t}) = (j)('^"'){v,v). 

5.2 Harmonic superspace approach 

We turn to a very brief discussion of the harmonic superspace approach pio- 
neered by Galperin, Ivanov, Kalitsyn, Ogievetsky and Sokatchev [13]. A detailed 
account can be found, e.g., in the monograph |15| . 

One can use the equivalence relation ~ cw*, with c G C*, to switch to a 
description in terms of the following normalized isotwistors: 

u+' := , u- := = ^ =^ (ur,u,+) G SU(2) . (5.12) 

The are called harmonics. They are defined modulo the equivalence relation 
uf^ ~ exp(±iQ;)u^, with a G M. It is clear that the harmonics parametrize the 
coset space SU(2)/U(1) S^. 



^The smile conjugation is similar to the Dirac conjugation of four-component spinors defined 
as follows: ^ ^ ^! := vft-yO 
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Associated with an isotwistor superfield (l)^'^\z , v , v) is the following superfield 

fz,-I=,-:=) = — (5.13) 
V vv'v Vv'vJ (vw'f)" 

obeying the homogeneity condition 

V3(")(z,e'"u+,e-'"u-) =e™°(^(")(z,M+,M-) . (5.14) 

The (^'^")(z,u*) is said to have U(l) charge n. 

Within the harmonic superspace approach, (p(")(z,w*) is required to be a 
smooth charge-n function over SU(2) or, equivalently, a smooth tensor field over 
the two-sphere 5*^. Such a superfield is called analytic. It can be represented, say 
for n > 0, by a convergent Fourier series (see, e.g, |3Tj) 

oo 

^(")(z,^±) = 5]v'^^---'"+''^---^-^)(z)<...<^^«-^...«7^ , (5.15) 

in which the coefficients (p*i --*"+2p (2) = (^(n •■■4^+25) g^j.g ordinary Af — 2 super- 
fields obeying first-order differential constraints that follow from (5.8). The beauty 
of this approach is that the power of harmonic analysis can be used. 

To construct supersymmetric theories, a supersymmetric action principle is 
required. In harmonic superspace, it includes integration over in addition to 
that over the space-time and (half of) Grassmann variables. Let L^^'>{z,u^) be a 
real analytic superfield of U(l) charge -1-4, and 

C'^^^{z,v,v) := {v^vfL^^\z,u+,u-) (5.16) 

the corresponding weight-n isotwistor superfield. Associated with yC^**' is the fol- 
lowing Af — 2 supersymmetric invariant: 



5:= / d^x / dVA'^^^/:(4)(z,w,w) . (5.17) 

e=e=o 



Here 



^2 i Vidv^ A v^dvj i Vidv"^ A v^dvj 
2tt (v^v)^ 2-k (vkV^)'^ 

can be recognized as the usual measure on 5^. Indeed, introducing a complex 
(inhomogeneous) coordinate ( in the north chart of CP^ as 

v' = v^il,0, C:=4, *=L2 (5.19) 



V- 



one obtains 



d ^ — , ^-,„ . (5.20) 



27r(l + CC)2 



The operator A^"") in (5.171 is 



A(-4) := — V"V„V.V'^ , V„ := -^v.Dl, , V- := -^v^Dl . (5.21) 
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5.3 Projective superspace approach 

The formation of the projective superspace approach [12l HSl [171 [18] has taken 
several years, from 1984 to 1990, although its key elements already appeared in 
the work by Karlhede, Lindstrom and Rocek [12] on self-interacting J\f =2 tensor 
multiplets. The name 'projective superspace' was coined in 1990 [T7]. Modern 
projective-superspace terminology appeared in the 1998 work [18j mostly devoted 
to quantum aspects, along with important formal developments, of the approach. 

In this approach, off-shell supermultiplets are described in terms of weight-n 
isotwistor superfields Q'''^\z,v)^ 

£)„q(") = 2)_^q(") = , Q(")(.2,cw) = c"Q(")(z,w) , cGC* (5.22) 

which are holomorphic over an open domain of CP^ , 

J- Q^"^ = . (5.23) 
dvi 

Such a superfield is called weight-n projective superfield^ There is no need to 
require Q^'^^{z,v) to be holomorphic over CP^, for such a requirement is not 
essential for the construction of projective-superspace actions. 

The Af = 2 supersymmetric action principle is formulated in terms of a La- 
grangian C^^''{z,v) which is a real weight-2 projective superfield. The action 
functional includes a closed contour integral in CP^, along with integration over 
Minkowski space and half of the Grassmann variables: 

S:=^ (fv^dv' f d4xA(-4)£(2)(^^„) ^ ^_ ^ _ (5.24) 



7 



9=9=0 



Here 7 denotes a closed contour in CP^, w*(i), parametrized by an evolution pa- 
rameter t. The action makes use of the following fourth-order differential operator: 

^(_4) 1 ^ ,^ j^u^Dl^ , V. := j^u^Di , (5.25) 

where {v,u) := v^Ui. Here Ui is a fixed isotwistor chosen to be arbitrary modulo 
the condition (v, u) ^ along the integration contour. 

Making use of the analyticity constraints obeyed by £'^^^(2,1;), one can show 
that the action is invariant under the Af — 2 super-Poincare group. The proof is 



analogous to that considered earher in the Af = I case, eq. (3.33). The supcrsym- 
metry transformation acts on £'^^^ as follows: 

SsvsyC^'^ = i (e? QL + el Qt)^'-^^ = i {^^Q' + ^Q^)C^'^ , (5.26) 



°The terminology 'weight-n projective superfield' appears to be more appropriate than 
'degree-n projective superfield' because in the superconformal case the parameter n coincides 
with the superconformal weight of Q^"\z,v) [37) . 
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compare with eq. (3.21 ). Since the supersymmetry generators anti-commute with 



the spinor covariant derivatives, the variation of the actions is: 
SsusyS = ^ iv^dv' /d4x(e,Q^ + ?Q,;)A(-4)£(2)(^^^,) 



e=e=o 



1 

'2^ 



e=e=o 



(5.27) 



where we have made use of the exphcit form of the supersymmetry generators and 
spinor covariant derivatives. The first term on the right can be transformed using 
the identity: 



[v, u) L J 



(5.28) 



Here the first term does not contribute to (5.27), since VqA' = V- A^^ = 



As to the second term, the operator c an be pushed through A^ ^' in (5.271 
until it hits £*^^\ which gives zero, due to (5.22). In the process of puUing Da to 



the right, there appear contributions proportional to space-time derivatives, due 
to 



{S)„,V.} = -2i(i;,7/)(fT™) . dm , 
which do not contribute to the action. This completes the proof. 



(5.29) 



An important property of the action (5.24) is its invariance under arbitrary 
projective transformations of the form; 



[ui , Vi) {ui , Vi) R 



R 



( a{t) 



e GL(2,( 



\m cit) 

where the matrix elements of R obey the first-order equations 



= b 



{v,v) 
{v,u) 



b^-b 



{v,u) 
{v,u) 



mt) 
dt 



(5.30) 



(5.31) 



along the integration contour in order to keep the transformed isotwistor Ui t- 
independent. This invariance allows one to make Ui arbitrary modulo the con- 
straint (w, u) ^ 0, and therefore the action is independent of Ui, 



_d_ 
du. 



S = 



(5.32) 



The projective-superspace action was originally given in jl2j in a form that 



differs slightly from (5.24). The latter representation appeared first in [42] , 



6 Off-shell projective supermultiplets 



We now turn to a systematic study of projective supermultiplets. 
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6.1 Projective superfields in the north chart of CP^ 

Intr oduce the inhomogeneous complex coordinate, C: on CP^ — {00} defined 
by eq. (5.191. Given a weight-n projective superfield Q^^^\z,v), we can associate 
with it a new object Q'"' (z, defined as 



Q'"l = 



(6.1) 



The expficit form of Q^^^{z, (^) for various projective muhiplets wih be given later 
on. The superfield introduced can be represented by a series 



-00 < p < q < +00 



(6.2) 



with Qk{z) some ordinary M = 2 superfields. Here p and q are invariants of the 
supersymmetry transformations. 

In the north chart of CP^ , the analyticity constraints 



take the form: 



(6.3) 



These relations can be interpreted as follows. The dependence of the component 
superfields Qk of Q'"'(C) on 6*2 and 9t, is uniquely determined in terms of their 

dependence on the variables 9f = 6°' and 9t = 9^, which can be identified with the 
Grassmann coordinates oi J\f = 1 superspace parametrized by z*^ = {x"^ , 9°^ , 9 ^ ) . 



6.2 Smile conjugation 



The notion of smile conjugation was introduced in subsection 5.1 As formu- 
lated, the definition directly applies to (5*^"-'(z, u). Now we wish to re-express it in 
terms o{Q^"\z,C). 

Consider a projective superfielcj^ 



Q(z,c) = g["i(^,c) = EQfcWc' 



(6.5) 



It is constrained as in eq. (6.4). Let Q{z, C.) be the complex conjugate of Q{z, C), 



Q{zX) = ^0/c(^)C' , Qk{z) := Qk{z) 



(6.6) 



'As compared with (6.2 I, we have changed p — > —p in eq. (6.5 I. 
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It is not a projective superfield, for it satisfies the conditions 

DlQiC) = -i ^^0(0 , D^^QiO = C5. iQ(C) , (6.7) 

which do not coincide with the analyticity constraints. However, the following 
object 

Qiz, ■■= Q - J) = ^(-l)^-Q-fe(z)C'= (6.8) 

does obey the analyticity constraints, and therefore it is a projective superfield. 
The Q(C) is called the smile-conjugate of Q(C). 

A real projective superfield is characterized by the properties: 

+P 

Q{z, C) = Q{z, C) = E ' ^fc(^) = (-l)'Q-fe(^)- (6-9) 



6.3 M = 2 supersymmetric action in M = 1 superspace 

Consider the J\f = 2 supersymmetric action 

5 := Iv.dv' f d^xA^-^^ C^^^z,v) . (6.10) 

27r J 0i=S'=o 

We recall that £^^^(z, v) is a real weight-2 projective superfield, 

^(-4) 1 ^2^2 ^ j^u^Dl^ , V. T^u^Dl , (6.11) 

16 (V,U) P [V,U) (9 

and Ui is a fixed isotwistor such that (i;, m) 7^ at each point of 7. As demonstrated 
in subsection |5.3[ the action is independent of Ui . 

Without loss of generality, we can assume that the integration contour 7 does 
not pass through the "north pole" ^ (0, 1). Then, we can introduce the inho- 
mogeneous complex coordinate, on CP^ — {00} defined by = u-(l,C). Since 
the action, S, is independent of Ui, the latter can be chosen to be Ui = (1, 0), such 
that {v,u) = V- 0. We also represent the Lagrangian in the form: 

C^^\z,v)^ivh^C{z,C)^i{v-fC^z,0, C^C. (6.12) 
It is important to remark that C{z, (^) is a real projective superfield in the sense 



of eq. (6.9). Now, the action takes the form: 



^ = 4 / / d^x C {D^)\D2rC{z, C) . (6.13) 



16 / 27ri 

Finally, if we make use of the analyticity of C 



DlciO = CD^ciO , DqciC) = -J^f/:(C) , (6.i4) 
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the action turns into 



(6.15) 



In the final expression for 5, the integration is carried out over the M = 1 super- 
spacej^ The action is now formulated entirely in terms of A/" = 1 superfields. At 
the same time, by construction, it is off-shell Af = 2 supersymmetric! This is one 
of the most powerful features of the projective superspace approach. 

6.4 Projective multiplets and constrained J\f = 1 superfields 

There is an important feature of projective multiplets that has to be specially 
emphasized. Consider a projective multiplet 



— oo < p < q < +00 



(6.16) 



In terms of Qk, the analyticity conditions are: 



(6.17) 



Suppose that the series (6.16) terminates from below, that is p > — oo. Then 
Qp and Qp+i can be seen to be constrained A/" = 1 superfields. The corresponding 
constraints are: 



L'"Qp = 







(6.18) 



Thus Qp is chiral, while Qp+i is said to be linear. 

Suppose the series terminates from above, that is g < oo. Then, the Af = 1 
superfields Qq and Qq-i are constrained by 



D^Qq = , D'Qq^i = , D^:=Di 



(6.19) 



Thus Qq is antichiral, while Qg-i is said to be antilinear. 

There is a very special case: q — p = 2. Here the Af ~ I superfield components 
are constrained by the rule: 



D^Qp = , D^Qp+i = D^Qp+i = , 
We see that Qp+i is both linear and antilinear. 



DaQp+2 — 



.20) 



-^In what follows, the bar-projection in expressions like the second like in (6.15 i is omitted. 
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6.5 OfF-shell realizations of the hypermultiplet 

We now review off-shell projective multiplets that can be used to describe the 
Af = 2 scalar multiplet, also known as the hypermultiplet, comprising four spin-0 
and two spin-1/2 fields. The Af = 2 supersymmetric nonlinear sigma- models can 
be viewed as models for self-interacting massless hypermultiplets. 

Our first example is the so-called real 0(2?^) multiplet [1^ [TS], n = 2, 3 ... , 
which is described by a real weight-2n projective superficld v) of the form: 

i/(2")(2,w) = H,^,„,^^izy' ...v'^" ^H<-^"\z,v) . (6.21) 



The analyticity constraints (6.3) are equivalent to 

i^aoif,,...».„) = ^•(^.i?.,...,,„) = . (6.22) 

The reality condition i/^^") — is equivalent to 

^ ^«i.-2„ ^ . . . £»2W2„_^^.^^^^.^^ (6 23) 

Associated with _ff(2"^(z,w) is the superfield _ff[2"l(z, C) defined by 

n 

H^'"Kz,C) = E ' = (-l)^-i7_, . (6.24) 

k — — 7i 



The ^[^^"1( 2,0 is real in the sense of J6.9|. Its two lowest components in the 
expansion ( |6.24 ), and H^n+i, are constrained M — 1 supcrfields, chiral and 
linear, respectively, 

^. i/_„ = , D^H^n+i = . (6.25) 

In the family of multiplets considered above, we intentionally did not include 
the real 0(2) multiplet [T^] described by 

7j{z,0^^^{z) + G{z)-C^{z) , G^G, D^^^D'G = 0. (6.26) 

The point is that this multiplet is very special, for it corresponds to the Af — 2 
tensor multiplet [44] in which one of the four spin-0 states is described by a gauge 
antisymmetric second rank tensor field. 

All of the 0{2n) multiplets, with n — 1, 2, • • • , prove to define holomorphic 
tensor fields over CP^. We now turn to introducing projective multiplets that are 
not globally defined on CP^. By definition, the arctic multiplet [16] is described 
by a series 

oo 

T(z,C)=^Tfc(^)C\ 5.To = 0, 52Ti=0. (6.27) 

fc=0 
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Its smile-conjugate, T(z,^), is called an antarctic multiplet, 

oo ^ 

t(z,C)=^(-l)^-T,(z)-^ . (6.28) 

fe=0 ^ 

The superfields T(z, ^) and T(z, C.) constitute a polar multiplet. This terminology, 
(ant)arctic and polar, was coined in |18| and appears to be quite natural, since 
several practitioners ol projective superspace come from the Nordic country of 
Sweden. 

Among the projective multiplets considered, the polar multiplet has two unique 
properties. First of all, it is the only multiplet which can be used to describe a 
charged hypermultiplet, since the structure of the arctic multiplet allows for phase 
transformations 

T(C) — > e'"T(C) , a e M . (6.29) 

Second, the space of arctic superfields allows for a ring structure: for any arctic 
superfields T a{C) and Tb(C), their product 

T^(C)-Ts(C) = Tc(C) (6.30) 

is also arctic. 



7 Sigma-models in projective superspace 

We are finally prepared to write down general off-shell Af — 2 supersymmetric 
nonlinear sigma-models. 

7.1 General off-shell J\f = 2 supersymmetric sigma-models 

Suppose we have a dynamical system described by a set of A/" = 2 tensor mul- 
tiplets. Then, their most general Af = 2 supersymmetric sigma-model couplings 
are realized by actions of the form [T^] : 

5te„sor= J d^xd^0C{7^iCyx) , (7.1) 



with r](() given by eq. (6.26). Upon evaluation of the contour integral, the action 
can be shown to reduce to that constructed originally in the J\f = 1 superspace 
setting in 



Similarly, in the case of 0(271) multiplets defined by eqs. (6.24) and (6.25), their 
general Af = 2 supersymmetric sigma-model couplings are described by actions of 
the form ^\TE\: 

So = ^Jf Jd^xd'^ec^H^-KO-x) • (7.2) 



29 



In the case of polar multiplets defined by eqs. (6.27) and (6.28), their general 
sigma-model couplings are described by actions of the form [lojl 



Viar ^i^Jjl d*xd'ec(T{c),f{cyx) • (7.3) 

Finally, the most general off-shell Af — 2 supersymmetric sigma-models de- 
scribe couplings of tensor multiplets, 0{2n) multiplets and polar multiplets. 

^general = J X 6 c[r^{C) , H^' ' ■\C) , T {() ,f {Ch C) ■ (7-4) 

In all of the off-shell TV = 2 supersymmetric sigma-models introduced, the 
Lagrangian may depend explicitly on Each of the Lagrangians 

£{mC) , £{H^-^;C) , >C(T,t;C), £{v,H^ -\T,f-X) 

should be an analytic function of its arguments, but otherwise arbitrary, modulo 
a reality condition with respect to the smile conjugation. 



7.2 Generalized Legendre transform construction 



The action (7.4) provides us with the most general off-shell J\f = 2 supersym- 



metric sigma-models that can be constructed in projective superspace. The La- 



grangian in ( 7.4 ) can be chosen at will, modulo mild restrictions discussed earlier. 
Different choices of the Lagrangian will lead, in general, to different hyperkahler 
metrics in target space. So, it is natural to ask: Does projective superspace offer 
us a free lunch? In other words, can we immediately read off the target space 



metric from (7.4)? The answer is "No" in general. Except in the very special case 



of tensor models (7.1), which will be discussed separately, one has to go through 



a technical procedure known as the generalized Legendre transform construction, 



originally sketched in [16] . in order to derive a hyperkahler metric from (7.4). It 
is called 'generalized' because it is an extension of the so-called linear Legendre 
transform construction [351 112 E] to be discussed in the next subsection. 

To fix the ideas, consider a A/" = 2 supersymmetric nonlinear sigma-model 
described either by a single 0{2n) multiplet (n > 2) or by a polar multiplet. 
Upon evaluation of the contour integral, the action becomes 

S = J d^xd^e Loff.shcn{^,^,^,t,U,) , (7.5) 

for some Lagrangian ioff-sheii($, ^, S, T,,Ui). The dynamical variables of the the- 
ory consist of (i) two physical superfields <& and S and their conjugates $ and S; 
and (ii) some number of auxiliary superfields . Here the index i may take a finite 
(2n — 3, in the case of 0{2n) multiplet) or infinite (in the case of polar multiplet) 
number of values. The physical superfields $ and S are chiral and complex linear, 

D^^ = , = , (7.6) 
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while the auxihary superfields lA^ are unconstrained. The Us are auxihary, for their 
Euler-Lagrange equations are algebraic 

J^ioff-shcii($J,S,S,W,) = . (7.7) 

Under reasonable regularity conditions on the Lagrangian, these equations uniquely 
determine the auxiliary superfields as functions of the physical ones, 

U,^U,{^,^,^,t) . (7.8) 

This leads to an action formulated in terms of the physical superfields: 

S = y"d4xd'^6'L($,#,I],E) , (7.9) 

L($,$,E,S) := Loff-shcn(*,$,S,S,Z^, ($,$,£,£)) . 

This action is of course Af = 2 supersymmetric, however only one of the two super- 
symmetries is manifest. Since the auxiliaries have been eliminated, the first and 
second supersymmetry transformations form the Af = 2 super-Poincare algebra 
only on the mass shell. 



Even though the action (7.9) is formulated in terms of the physical superfields 
only, the Lagrangian L{^, $, S, E) is not a hyperkahler potential, since the dynam- 
ical variable S is complex linear. As discussed in subsection |4.2[ the Lagrangian 
coincides with the hyperkahler potential of the target space provided the theory is 
formulated in terms of chiral superfields and their conjugates only. Is it possible 



to develop such a (re)formulation for the theory (7.9)? The answer is affirmative 
indeed under reasonably general conditions, due to the existence of a duality be- 
tween chiral and complex linear superfields that was noticed for the first time by 
Zumino |45| . 

It has been known for thirty years |46j that the chiral and complex linear 
superfields provide different off-shell descriptions of the free J\f — 1 scalar multi- 
plet, which are known as the minimal and non-minimal scalar multiplet models, 
respectively. They are described by the following actions: 

^minimal = J d'^xd^O^^f , = , (7.10a) 

5„on-mi„imal = - j d^ X d" 9 , D^^ ^ . (7.10b) 

It is easy to read off the corresponding equations of motion]^ On the mass shell, 
the dynamical superfields must obey the off-shell constraints and the equations of 



^^In deriving the equations of motion for and E, it is useful to represent "I" = D^R and 
E = i5 . f ° , for unconstrained superfields R and f " . 
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motion. It is convenient to combine them in a simple table: 



free scalar multiplet 


off-shell constraint 


equation of motion 


minimal 


Z).* = 

a 


D^^ = 


non-minimal 


D^T. = 


L>.E = 



One can see that the two models (7.10a) and (7.10b) are dynamically equivalent. 
Moreover, these models are dual to each other. This means that they are related 
to each other through the use of a first-order action. Such an action can be chosen 
ESI to be 



st-ordcr 



d*a;d* 



rr + ^T + ^r 



(7.11) 



Here T is complex unconstrained, while 5* is chiral, £)• 4* = 0. Varying this action 
with respect to gives F = S, and then Sfiist-ordcr reduces to ( 7.10b). On the other 
hand, the equation of motion for T implies F = ^P, and then S'fiist-ordcr reduces to 
( [TlOa] ). 

Let us generalize the simple example analyzed above. Consider a theory of 
self-interacting complex linear superfields S° and their conjugates S° described 
by an action of the form 



(7.12) 



where the Lagrangain >C(I],S) is a real analytic function of the dynamical super- 
fields. By analogy with (7.11), we can associate with (7.12) the following first-order 
action: 



5fi 



rst-ordcr 



d*a;d*0 



{/:(F,f) 



pal 



(7.13) 



where F° are complex unconstrained, while ^E'q chiral, £>• = 0. This theory is 
equivalent to (7.12). Indeed, varying (7.13 with respect to gives F° = S", and 
then (7.13) reduces to (7.12). Now, consider the equations of motion for F" and 

fa. 



d 



d 



/:(F,f) + ^a = 



(7.14) 



^-£(F,F) + vI/, = 0, 
These equations allow one to express Fs and Fs in terms of ^s and ^s provided 



det 



'ah 
•^56 -^ab 



Then, the action (7.13) turns into 

S'dual — 



(7.15) 



(7.16) 
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where we have defined 

/c(*,*) |/:(r,f) + 4'ar'' + *af°j 



r=r(*,*) 



(7.17) 



It is clear that /C(^', ^') is (up to a trivial sign difference) the Legendre transform 
of £(r,r). Standard properties of the Legendre transformation now imply 



d 



/c(*,^')-r° = 



d 



/c(*,«') -r"* = 



as weU as 



det I ^,,1^0 



(7.18) 



(7.19) 



It is natural to interpret the Lagrangian in (7.16) as the Kahler potential of a 



Kahler manifold. For such an interpretation to be consistent, it must hold that 

(7.20) 



det ( ) ^ 



Then, due to (7.151 and (7.19), we also must have 

dC 



det 



^0 



(7.21) 



The latter condition is equivalent to the fact that, say, the first equation in (7.14) 
can be solved to express the variables Fs as functions of 'i's and Fs. 



Our consideration shows that the requirements (7.15) and (7.21) are essential 



for the theory (7.12) to provide a dual description of A/" = 1 supersymmetric 



nonlinear sigma-models. 



Before returning to the theory of our interest, eq. (7.9), it is worth mentioning 



another important aspect concerning the dual theories (7.12) and (7.16). One can 



develop a dual version of (7.161 by considering a first-order action of the form: 



rst-ordcr 



'{jciu,u) 



(7.22) 



where the superfields Ua are complex unconstrained, and S° complex linear. The 
variables Us and Us, can be integrated out, due to (7.19). If JC coincides with 



(7.171, one then ends up with (7.12). However, the Lagrangian in (7.16) is defined 



modulo Kahler transformations 



/CI*,*) 



/C(1', *) = /C(*, *) + A(*) + A(l') , 



(7.23) 



with A(^') an arbitrary holomorphic function. If one replaces /C — )■ /C in ( 7.22 1, and 



then integrates out the variables Us and J7s, the resulting theory will b e described 
by a Lagrangian C{j:'',Y}>) that diflfers from that appearing in (|7.12[). Actually, 
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applying Kahler transformations may lead to quite a bizarre situation. The point 
is tha t the transformed Kah ler potential, lO^,"^), always obeys the inequality 
(7.201. However, eq. (7.19) may not holq^^ for/C, and then the procedure of 



integrating out the variables Us and Us from (7.22) becomes more involved. 



Finally, let us return to our sigma-model (7.9). It is equivalent to the following 
first-order action: 



^first-ordc 



yd^xd''6'|L($,l>,r,r) +*r + *r| 



Integrating out F and F leads to an action of the form 



(7.24) 



'dual 



d'^xd''6li7($,$,^',*) , 



(7.25) 



where (<&,$, vjf, ^i) is the Legendre transform of £($,$, !],£), with $ and !> 
being treated as parameters. The resulting Lagrangian, iJ($, $, 4', ^'), is the 
Kahler potential of a hyperkahler manifold. 



7.3 Linear Legendre transform construction 

Here we briefly review the famous linear Legendre transform construction |35l 
fOl IS] . Our presentation is intentionally brief, for it is hardly possible to present 
this construction better than it has already been done in [8] . 

The most general M = 2 supersymmetric sigma-model coupling of several 
tensor multiplets ry*(C) is described by an action of the form |12) : 



27ri / C 

where the dynamical variables are: 



d*xd^e£{f^\Cyx) , (7.26) 



rj'iC) ^^ip' + G' -C>f\ D^if' = , D'^G' = G' - = . (7.27) 

Unlike the multiplets considered in the previous subsection, the tensor multiplet 
requires no A/" = 1 auxiliary superfields. Suppose we have evaluated the contour 



integral in (7.26). Then, the action turns into 

S ^ ( d'^xd^eL{ip\(p\G') . (7.28) 



Here the Lagrangian cannot yet be identified with a hyperkahler potential, for the 
superfields G' are real linear. In order to derive the hyperkahler potential of the 
target space, we have to dualize each N = 1 tensor multiplet, G*, into a chiral 



l^As an example, consider /C£*, = 'i/'i and choose K.{'^ , ^) = "^/^ + (a/2)(vl'^ -|- vl"^), with 



a a constant parameter. Eq. i 7.19 i does not hold for if a = ±1. 
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superfield and its conjugates ^i. It is worth studying in some more detail how 
such a duahty works. 

The J\f ~ 1 tensor multiplet [47] provides a variant off-shell realization of the 
massless scalar multiplet in which one of the two scalar fields is dualized into a 
gauge antisymmetric tensor field. Consider the models for free chiral and real 
linear superfields: 



*^scalar 
•^tensor 



d'^xd^ec^ , 



D.* = , 



D^G = G-G = 



(7.29a) 
(7.29b) 



Here the action (7.29a) can be seen to coincide with (7.10a). The constraint on G 
is solved [47) by introducing a chiral spinor prepotential rja, by the rule 

G = D^T^o. + D-jt , D^ijp = . (7.30) 
The prepotential is defined modulo gauge transformations of the form: 



V = V. 



(7.31) 



The theories (7.29a) and (7.29b) are dynamically equivalent, as can be seen from 
the following table: 





off-shell constraint 


equation of motion 


scalar multiplet 


£»2D„('i' + §) = 


Z)2(^» + §) = 


tensor multiplet 


D'^G = 


D^D^G = 



Moreover, the theories (|7.29a|) and (|7.29b|) are dual to each other, because they 

(7.32) 



are related to each other by the first-order action [ITj 

^first-order = " / d^f? | Ul" - n(* + *)} . 



Here H is a real unconstrained superfield. 

As a generalization of the above example, consider a model of n self-interacting 
tensor multiplets [47j 



S = j d^xd'^9C{G') 



(7.33) 



It proves to be dual to a nonlinear sigma-model described by chiral scalars '^i and 
their conjugates [3S]. To construct the latter, one introduces the first-order 
action (551 



5first-ordcr = j ^^X d^O { ^(ff ) + n'(*, + §.)}, 



(7.34) 
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where 11* are real unconstrained superfields. Varying gives IT' — G^, and then 
'S'first-ordcr reduces to (7.33). On the other hand, one can integrate out lis using 
their equations of motion 



dU 



(7.35) 



to end up with 



d'^xd^dlCi^' + ^') , /C(* + 1') /:(n) +ff(^',: + *,) • (7-36) 



The Kahler potential, K, is the Legendre transform of C. Since K, depends on "ifs 
and only via combinations (5' + ^)s, the 2n-dimensional target spaces possesses 
at least n U(l) isometrics. 

The Legendre transformation considered generalizes to any number of tensor 
multiplets interacting with matter 35J. In particular, it can be applied to the 
model of our interest, eq. (7.281. This requires considering the following first- 
order action: 



rst— ordc 



J d4xd'*0{L((p\(^\ff)+ff(*. + *O} . (7.37) 



Here 11' is real unconstrained, and '^i is chiral, D-'^i = 0. Integrating out the 
variables lis leads to an action of the form 



(7.38) 

where H{(p,(p,'^ + ^) is the Legendre transform of L{(f,(p,G). It is the Kahler 
potential of a hyperkahler manifo ld. 

To construct a dual of (7.38), with respect to the variables ^'s and ^s, one 
could again use a first-order action of the type (7.22), that is 

'S'first -order 



j d'^xd'^e \h{^p\ (p\ Uj + Uj) - Y.'U^ - E'C/ij , 



(7.39) 



where the superfields Ui are complex unconstrained, and complex linear. How- 
ever, the equations of motion for Us and Us imply that = = G\ Therefore, 
the duality transformation can be performed using the following first-order action: 



first-order 



d' 



(7.40) 



with the variables Vj real unconstrained. 



7.4 Universality of polar multiplet sigma-models 

In general, off-shell M = 2 supersymmetric a-models can describe couplings of 
tensor multiplets, 0{2n) multiplets and polar multiplets. 



^^i/f / d'^d40^(,y(C),i/[ -l(C),T(C),T(C);C) 



(7.41) 
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However, it is always possible, in principle, to dualize any tensor multiplet into 
a polar multiplet, and also any 0{2n) multiplet into a polar one [13 HI]. As a 
result, the most general Af — 2 cr- model can in principle be described by polar 
multiplets only, using the action [1^] 

S=^JjI d^xd40£(T(C),t(C);C) ■ (7.42) 

Different choices of c(^T, T; may lead to one and the same hyperkahler geom- 
etry. The point is that a polar multiplet can be dualized into a polar one [48j |49] , 
and the dual Lagrangian differs, in general, from the original one. 
Example: For any real parameter a G M, a 7^ ±1, the Lagrangian 

/:„(T,t;C) - Y^{*T^+f (^T^' + C't')} (7.43) 

is equivalent (dual) to the free polar multiplet Lagrangian 

£(T,t)=tT. (7.44) 



8 J\f = 2 supersymmetric sigma-models on cotan- 
gent bundles of Kahler manifolds 

As discussed earier, the most general sigma-model couplings of polar multiplets. 



eq. (7.42), were introduced in 1988 by Lindstrom and Rocek pJJ. For some ten 
years, this theory remained a purely formal construction, because there existed no 
technique to eliminate the auxiliary superfields contained in the arctic multiplet, 
except in the case of Lagrangians quadratic in T and T. This situation changed 



in the late 1990s when Refs. [101 Ell EO] identified a subclass of models ( |7.42| ), 
possessing interesting geometric properties. For these models one can develop a 
simple procedure to eliminate the auxiliaries in perturbation theory, and in some 
cases exactly. They are described by A/" = 2 supersymmetric actions of the form: 

s[T,f] J d^xd'eK(T\o,r'{C)) , (8.1) 

where 7 denotes a closed contour around the origin, if($^,i>-^) is the Kahler 
potential of a real-analytic Kahler manifold Ai . 



As usual, the dynamical variables T^(C) and T'^(C) in (8.1 1 are arctic and 
antarctic multiplets, respectively: 

00 00 

T^(C) = ^ T^C" = <i>' + S'C + 0(C') , T'^"(C) - E ^"(-0"" ■ (8.2) 

11=0 n=0 

Here is chiral, complex linear, 

I). $^ = , D^Y.' = , (8.3) 



37 



and the remaining component superfields are complex unconstrained. The above 
theory is a minimal Af = 2 extension of the general Af = 1 supersymmetric non- 
linear sigma-model 

S[^,^]^ J d*xd'^eK{^^,^'^) . (8.4) 
8.1 Geometric properties 



Let us turn to discussing the geometric properties of the theory (8.1 1. What 



distinguishes the Lagrangian in (8.1) from that appearing in the most general 
case, eq. (7.42|, is that the former has no explicit dependence on As is well- 
known from Classical Mechanics, the mathematical realization of the principle of 
the homogeneity of time is that the Lagrangian of a closed dynamical system has 
no explicit dependence on the time variable. Given such a Lagrangian, L(q,q), 



the action is invariant under arbitrary time translations. The Lagrangian in (8.1 1 



has no explicit dependence of C which can be viewed to be a complex evolution 



parameter. It is easy to see that (8.1) is invariant under U(l) transformations 



T(C) ^ T(e'"C) ^ T„(z) ^ e™"T„(z) . (8.5) 

Transformations C — > e'"(^ can be interpreted as time translations along 7. This 
becomes manifest if the integration contour 7 is chosen to be ({t) = i?e'*. 

The Af = 2 supersymmetric sigma-model inherits all the geometric features of 
its A/" = 1 predecessor, specifically: 

• Kdhler invariance 

AA= lease: K{^,^) — > A:($, l>) + A($) + A($) , (8.6a) 

A/" = 2 case: K{T,f) K{T,f) + A{T) + A{f) ; (8.6b) 

• Holomorphic reparametrizations of the Kdhler manifold 

AA= lease: $^ — > <i>" = f {^) , (8.7a) 

A/" =2 case: T^(C) ^"{0 = f(j{C))- (8.7b) 

Therefore, the physical superfields of the Af — 2 theory 

dT^(C) 



T^(C) 



C=o ' dC 



should be regarded, respectively, as coordinates of a point in the Kahler manifold 
and a tangent vector at the same point. We conclude that the variables ($^, E'') 
parametrize the holomorphic tangent bundle TA4 of the Kahler manifold [20] • 
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8.2 Tangent-bundle and cotangent-bundle formulations 

To describe the theory in terms of the physical superfields $^ and only, all 
the auxiliary superfields have to be eliminated with the aid of the corresponding 
algebraic equations of motion 

Let T^(C) = T*(C; $, S, S) denote their unique solution subject to the initial 
conditions 

Ti(0) = $^ , (0) = Y} . (8.10) 

For a general Kahler manifold the auxiliary superfields Tj, T|, . . . , and 
their conjugates, can be eliminated using perturbation theory only, with the aid 
of the following ansatz ^WT : 

oo 

T^-E^'^i-J.+pii-ip^'^'*)^^'---^^"^''^^'---^^' ' ^^^2. (8.11) 

p=0 



This is the most general ansatz compatible with the U(l) symmetry (8.5 ). The only 
essential assumption to justify the use of perturbation theory is the requirement 
that the Kahler potential K{^, $) is real analytic. Determining step by step the 
coefficients G^j^ j^^^^^ j;^ ($,!>), we can completely reconstruct the required 
solution Tl{(). 

In some cases, the solution T^(C) can be determined exactly. Let be a 
Hermitian symmetric space, and hence its curvature tensor is covariantly constant. 

VLi?/„7V.j. - ^LRi,.hi,_J, = . (8.12) 
Then, the curve T*(C) turns out to obey the generalized geodesic equation [15] : 

£||2 + r'„,(T.(c),4)iI^iSc).„. (,,3) 

A derivation of this result will be given below. It follows from (8.13) that only the 
term with p = in (8.11 1 is non-zero in the case of Hermitian symmetric spaces. 

Suppose that all the auxiliary superfields have been eliminated, and the T*(C) 
is known explicitly. The next technical problem to address is the evaluation of the 
contour integral: 



(8.14) 



This is only a technical issue, rather complicated in practice. However complicated, 
the outcome should be an action of the form: 

5tb[$,S] = J d4xd40{x($,$) +£($,$,£,£)} , 

OO OO 

^ = E^/i-/..'i -'.('^''^)^''---^'"^'''---^^" :=5]/:(") . (8.15) 



39 



Here £/j = — .gjj($, $) and the coefficients £j^...j^j^...j^, for n > 1, are tensor 
functions of the Kahler metric gjj{^, $) = didjK{^, $), the Riemann curvature 
Rijkl{^t^) ^^^d its covariant derivatives. Each term iZ^"^ in the Lagrangian 
contains equal powers of E and S, since the original action is invariant under the 
rigid U(l) transformations (8.5). 

It is instructive to re produce here the explicit expressions for several functions 
£^"-' appearing in (8.151. Direct calculations give 



1/1 



r{2) ^ p _ _ v/i v'l V'^s 

^ - 4-"/i./i/2./2^ 2. 2. 2. 



£(3) 



12 L6 



(8.16a) 
(8.16b) 

(8.16c) 



The expression for is given in 52] ■ 



To construct the dual formulation of (8.15), we follow the general scheme of 



subsection 17.21 and consider the first-order action 

^first-order = y d^X d^fl { ($,$)+£($, l>, F, f) + . (8.17) 

Here the tangent vector is now complex unconstrained, while the one- for m 
is chiral, D^'i'i = 0. Varying gives D^T^ = 0, that is F^ = S^, and then ( |8.17 ) 
reduces to the original action. On the other hand, varying F^ gives 



^/:($,$,F,f)+vI;, = 0. 
Eliminating the Fs and their conjugate leads to the dual action 
^ctb[*,*] = J d4xd40{x($,l>) , 

OO 
71 = 1 

with 



(8.18) 



(8.19) 



.20) 



The fact that each term in the expansio n of "H $, 'I') contains equal powers of 
and ^, follows from the invariance of (8.17| under the rigid U(l) transformations 



$'(z) ^ $'(^) , r{z) ^ e'"F'(z) , */(z) 



'*//(z) . (8.21) 



l^SinceZ: = -g^ jS^S-' + 0(|S|''), both requirements I7.15i and (7.21l hold in a neighborhood 
of the zero section of the tangent bundle, TAi, of Ai. 
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In the dual formulation of the J\f =2 supersymmetric sigma-model, the target 
space is (an open neighborhood of the zero section of) the cotangent bundle T*M. 
of the Kahler manifold M [48l[50]. It is therefore a hyperkahler space, and 

K($, $, ^, ^ := K{^, $) + -H($, §) (8.22) 

the corresponding hyperkahler potential. Since 

•H($, $,*,*) = g""($,$)*j*j + 0(|*|4) , (8.23) 

the hyperkahler metric is nonsingular in a neighborhood of the zero section of 
T*M. These results agree with those derived independently in the mathematical 
literature by purely geometric means [531 IM] ■ 



8.3 Hermitian symmetric spaces: Method I 

If the Kahler manifold 7W is Hermitian symmetric, then the Af — 2 supersym- 
metric sigma-model on T*Ai can be derived in closed form, as was first sketched in 
|48j . To carry out such a construction, there have been developed two alternative 
methods that are based on the use of conceptually different ideas and tools: 

• Method 1 [3H1 [Sni US] makes use of the properties that (i) is a ho- 
mogeneous space, M. = G/H; (ii) the group G acts on M by holomorphic 
isometrics. 

• Method II [57l|58] makes use of (i) the covariant constancy of the curvature; 
(ii) extended supersymmetry. 

We now turn to discussing the first method. Method II will be reviewed in the 
next subsection. 

As before, denote by T^{() = T^{(; $, $, E, E) the unique solution of the aux- 
iliary field equations (8.9) under the initial conditions (8.101. Using the canonical 
coordinates |591 W0\ for the Hermitian symmetric space M , which are defined in 
Appendix B, we can find a part of the solution: 

To(C) = Tp„(C) :=T,(C;$ = 0,$ = 0,Eo,So) , Tp„(0)-po (8.24) 

with Eg a tangent vector at po G , the origin of the canonical coordinate system. 
It is 

To(C) = EoC, to(C) = -y. (8.25) 
As a next step, we can construct a curve 

Tp(C), Tp{0) =peM 

obtained from Tpg{() by applying an isometry transformation g G G such that 
9 'Po = P- The holomorphic isometry transformations leave invariant the auxiliary 
field equations. 
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Let U C A4 he the neighborhood on which the canonical coordinate system is 
defined. We can construct a coset representative, S: U ^ G, with the following 
property: associated with a point p G U is the holomorphic isometry S[p] £ G of 
M, q S[p] ■ q e M, for any q G M, such that 



(8.26) 



In local coordinates, S\p] = iS[$, and it acts on a generic point q E U parametrized 
by complex variables (E!^,S''^) as follows: 



S ^ S' = /(S;<i>,$) , /(O; $) = <!> . 
Now, applying the group transformation 5(<1',$) to To(C) gives 

To(C) ^ T,(C)-/(To(C);$,^) = /(SoC;1',*) , T,(0) 
Imposing the second initial condition, T^(0) = E, gives 



/'(S;$,$) 



(8.27) 
(8.28) 

(8.29) 



and thus Eq can be uniquely expressed in terms of E and $, As a result, the 
desired curve by T*(C) has been constructed. 

As pointed out earlier, the curve T*(^) obeys the generalized geodesic equation 
(8.131. Now we are in a position to justify the claim. In the canonical coordinate 

To(C) = EoC, To(C) 



system, the curve 



So 
C 



is characterized by 

d^Tg(c) ^ d^mo 

dC dC 
Since the equation 

d'T^(C) 
dC2 



^Sa'(To(C), 



$ 



dTif(C) dT^(C) 



dC 

dT''(C) dT^'(C) 



dC 



dC 



= 







.30) 



.31) 



.32) 



is invariant under holomorphic isometrics, we conclude that T*(C) indeed obeys 
the generahzed geodesic equation (8.13). 

Eq. (8.13) leads to a simple corollary that is of special importance for the 



method to be discussed in the next subsection. Using repeatedly eq. 
us to compute the Taylor coefficients T2, T3, . . . , in the expansion 

00 

Ti(C) = E = <f ' + E^ c + ri e + o(C') . 



In particular, we derive 



.13) allows 
(8.33) 

(8.34) 
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8.4 The Eguchi-Hanson metric and its non-compact cousin 



As an instructive application of the method described, we consider the two- 
sphere M = SU(2)/U(1) ^ CPi = C U {00} . In the north chart of CP\ the 
Kahler potential and metric are: 



K{z,z) = r^ln(l + zz) 



gzz{z,z) = (1 + zzY 



(8.35) 



with being proportional to the curvature. The coordinate system under 

consideration is canonical in the sense of Appendix B. 
Fractional linear (isometry) transformation 



induces 



and then 



Z > 5[$ ,j,](2:) 



T*(C) 



if T,(C),f,(C) = 



z + $ 
-$z + 1 



5r$,$i(0) = $ 



$(1 + $$) + 



(8.36) 



(8.37) 



In 



EE 



(1 + $$) 



-CA(C)-jA( 



1/C) 



with A(C) some holomorphic function. The action becomes 



5[T,,T,] 



d^a;d'*6' <^ 7f ($,$)+ In 



5$4($,l>) EE 



and is well-defined under the global restriction 

5<,$($,$)EE < 



(8.38) 



(8.39) 



(8.40) 



To construct the dual formulation of (8.391, we should introduce the corre- 
sponding first-order action (8.17). The equation of motion for T, (8.I8I, in our 
case becomes 



.g^$('&J)r 

-.g^5($,$)rf 



= 4* 



5$4(<I>,$)rf < 



.41) 



This equation and its conjugate allow us to express T in terms of \1/ and its con- 
jugate, without any restriction on 



.42) 



l*The relations ( |8.40| and | |8.42| are analogous to those appearing in special relativity. For a 
massive particle, its velocity, v, is constrained by \v\ < c, however the three-momentum, p, can 
take arbitrary values, |p| < 00. 
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As a result, the target space of the dual theory coincides with T*CP^ parametrized 



by local complex variables (^j^*). The Lagrangian of the dual theory, eq. (8.19), 
is the hyperkahler potential 

K($,#,^',*) = A'($,l>) +'H($,I>,*,'^) , 

= r^K J'(k) , r2K = .g**($,l')^'* , (8.43a) 



-F(x) -(VrT4S-l-ln^i^^^i^| , -F(0) = 1 (8.43b) 

corresponding to the Eguchi-Hanson metric in the form given by Calabi [3- 

It is of some interest to repeat the above analysis for the complex hyperbolic 
line M = SU(1, 1)/U(1) = H, which is a non-compact cousin of CP^. The Kahler 
potential and metric of H are: 

K{z,z) - -r2ln(l-zz) , g.,{z,z) = (1 - zz)"' . (8.44) 

Instead of the action ( 8.39| ), we now have 



5[T,,t,] = y"d''a;d40 |if($,l>)-r2ln(l + -^(7^4($,l>)Ss)| . (8.45) 

The action is defined on TH, and no restriction on the tangent variable S occurs. 
However, the dual formulation of the theory is well defined under the restriction 

5**($,l>)** < r^ . (8.46) 

As a result, the hyperkahler structure is defined on the open disc bundle in the 
cotangent bundle r*H. 

It is known that any compact Riemann surface, Aig, of genus 5 > 1 can be 
obtained from H by factorization with respect to a discrete subgroup of SU(1, 1), 
see, e.g., |61j . Using the hyperkahler metric constructed on the open disc bundle in 
T*H, we can generate a hyperkahler structure defined on an open neighbourhood 
of the zero section of T*A4g. The obtained hyperkahler metric is not complete. 

8.5 Hermitian symmetric spaces: Method II 

Method I was successfully applied to the four series of compact Hermitian 
symmetric spaces: 



U(m + n) Sp(n) S0(2n) SO(n + 2) 



U(m) X V{n) ' U(n) ' U(n) ' SO(n) x S0(2) 

as well as to their non-compact versions: 

U(m,n) Sp(n,R) S0*(2n) S0o(n,2) 



U(m) X U(n) ' U(n) ' U(n) ' SO(n) x S0(2) 



(8.47) 



(8.48) 



on case by case basis. This construction was finalized in j56j . The general results 
are as follows: 
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• If the Hermitian symmetric space Ai is compact, then the hyperkahler struc- 
ture is defined on the whole T*A4; 

• If is non-compact, then the hyperkahler structure is defined on a neigh- 
bourhood of the zero section of T* Al, and cannot be extended to the whole 
cotangent bundle. 

A detailed discussion of these are related properties can be found in [55] . 

Although method I worked well for the regular series listed, it turned out to 
be impractical in the case of the exceptional Hermitian symmetric spaces 

^ ^ (8 49) 

SO(IO) X U(l) ' Eg X U(l) ■ ^ ' 

In order to work out these cases, an alternative method was developed in j57| . 

The method introduced in |57j is based on the use of extended supersymmetry. 
Let us start from the J\f ~ 2 supersymmetry transformation of the arctic multiplet 

<5T^(C) = i (e?QL + elQt) T^(C) (8.50) 

considered as a A/" = 2 superficld. As a next step, we reduce this transformation 
to A/" = 1 superspace. Then, the second hidden supersymmetry proves to act on 
the physical superfields $ and E as 

= e^D"^^ , S^^ = -e"D„$^ + e.J)^T{ . (8.51) 

Upon elimination of the auxiliary superfields, the component T2 becomes a func- 
tion of the physical superfields, 

T^ = -^r^j^(<i>,$)S]'^S^ . (8.52) 

The tangent-bundle action 



n=l 

has to be invariant under the above supersymmetry transformation. This is a 
highly nontrivial requirement. Indeed, by making use of the fact the the Riemann 
curvature is covariantly constant, 

and hence 

Vl/:,^...,„j^...j„ = V££,^...,„j^...j„ = , (8.55) 
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we are able to show that the action is indeed supersymmetric provided the La- 
grangian C obeys the following linear differential equation: 

is^S^ Ci + Cj + gjj = , Ci:^ J^C . (8.56) 



A general solution of (8.56), which is compatible with the series expansion (8.53), 
was found in 57j. It is 

:= -^S^S^ Rkl/ • (8.57) 

In the dual, cotangent bundle formulation 

oo 

n = ...^'/„§j^ ...^-j^ , (8.58) 

n=l 

the 'Hamiltonian' H proves to obey the nonlinear differential equation: 
1 

gjj - 2 n^'n'^ Rkjl' = * J , W = . (8.59) 



It can be deduced from (8.56) by making use of the properties of the Legendre 
transformation. 

Using the above results, the case of E^/ SO{10) x U{1) was worked out for the 
first time in [57j . 

A closed-form expression for $, '&) was not obtained in [37|. It was 

derived in |58| . The same work also provided an alternative closed-form expression 
for £($, $, E, S). We reproduce here only the results obtained in |58) . 

Tangent-bundle formulation 

Here we have defined 

1 



(i?s)^j := -Ek'ljS^S^ , (^s)^- ■ (8.61) 



Cotangent-bundle formulation 



(8.62) 
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where the function F{x) is given by eq. (8.43b I. The operator i?^ ^ is defined as 



{R^)i-^ 



{R.^)i-' = {R^)iK9''' , [R^)kl--^\Rkl'-^i-^j- (8.63) 

As a result, for any Hermitian symmetric space M., the hyperkahler potential 
on T*M is: 

K($, $, §) = A'($, !>) + - H*,^) * . (8.64) 

In the mathematical literature, there exists a different representation for the 
hyperkahler potential derived in [62j . The Biquard-Gauduchon representation is 

H($, i-) = ^-^r '-^( - K*,*) * , (8.65) 

where 

[R^^^)/ := ^iJ/'^^^^-L^-i? (8.66) 
and g denotes an off-diagonal block of the Kahler metric, 

''A^ili) ■ (8-67) 



9ij ; - V5 

The above unified formula was derived by Biquard and Gauduchon with the 
aid of purely algebraic means involving the root theory for Hermitian symmetric 
spaces, in conjunction with some guesswork based on the use of the Calabi metrics 
for T*<CP^ [7]. In the supersymmetric setting described above, the results were 
obtained by making use of a regular procedure. No guesswork was needed. 



9 The case of an arbitrary Kahler manifold JV[ 

In the previous section, we used the power of supersymmetry to determine the 
hyperkahler potential on the cotangent bundle T* Ai of an arbitrary Hermitian 
symmetric space. It is natural to wonder how much information can be extracted 
by using similar supersymmetry considerations in the case when Ai is an arbitrary 
real-analytic Kahler space. This problem was analyzed in [37] . Here we give a brief 
review of the results obtained. 

Upon elimination of the auxiliary superfields, the second hidden supersymme- 
try becomes 

5¥^e^D^Y.^, = -e"Do,<^^ +e^D^T{{<^,^,T.,t) . (9.1) 
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where the general form for T2{^, S, S) is as follows: 

T^($,$,S,E) = -^rSK($,|.)l]^I]^ + G^($,$,S,S) , 



Here Jp+2ii Lpl'^'^) tensor functions of the Kahler metric, the Rie- 

mann curvature RiJkl{^-> ^) ^^'^ its covariant derivatives. 

The above representation for T2($,$,S,S) follows from the structure of the 
transformation laws with respect to holomorphic reparametrizations of the Kahler 
manifold Ai: 

— y = /^($) ^ (9.3a) 



One can check that 

G'{^,^,^,t) ^^Vj,Rj^lj./{^,^)^-^'T.^^^-^'t^ + 0{T.'^t^) . (9.4) 

Our next step is to require the tangent-bundle action, eq. ( |8.15[ ), to be super- 
symmetric. This proves to imply that £(<&, S, S) and G^($, <i>, S, E) obey the 
following equations: 



dC dC' dE 



(9.5a) 



Ji?,,,- 1^ + ^ + 5./ 1^'^ - §j ^rG'^ - -V,S , (9.5c) 

S = E^V//: + 2G^^ . (9.6) 



where E turns out to be 



We also define 

oo 

^iC := i^' ^)) . . . . . . E^" 

n=l 

_ dc dc J, J 

and similarly for VjG''. 
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It is natural to analyze how the above relations simplify in the special case 
when A4 is Hermitian symmetric. It holds that 



ViC = = S = 



(9.8) 



In the cotangent-bundle formulation, eq. (8.19), the chiral variables (^^j^fj) 
are local complex coordinates on the cotangent bundle T*M., and the hyperkahler 
potential of T*M is 



K($, $, := K{^, $) + n{<i>, 



(9.9) 



Within this formulation, the second supersymmetry can be shown to take the 
form: 



UK 1 



Introduce the condensed notation: 



(9.10) 



(9.11) 



as well as the symplectic matrix J — (J"''), its inverse J ^ = {—lab) and their 
complex conjugates, 



jjab ^ jab ^ 



1 

-1 



1 

-1 



(9.12) 



Jafc " ^ ab 

Then the supersymmetry transformation can be rewritten as 

n":.r'*. (9.13, 

These results can now be linked to the general analysis oi Af — 2 sigma-models 
in A/" = 1 superspace j36] reviewed in subsection 4.2 First of all, we see that the 
supersymmetry transformations agrees with the ansatz (4.171. 

Using eq. (9.131, we can read off the expression for the holomorphic two- form 
on T*A4. By definition, the anti- holomorphic two- form is 

'^bc = 9ab ^ ,e , 

with g^i the Kahler metricp^ 



dab 



d(t>''d(t)^ 



(9.14) 



Recalling the explicit form of O , eq. (9.13), we can immediately see that uji^ is 
indeed antisymmetric. 



9-aJ"^9db 



f^ah= Qac^"'^ 9db 



(9.15) 



^^We use a bold-face notation for the Kahler metric on T*M in order to distinguish it from 
the metric on M. 
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Direct calculations show that 

iVab^Iat + Oi^^) . (9.16) 

Since uiab niust be holomorphic, we immediately conclude that 

UJab=^ab, ^^b=^-a-b =^ uj'^' = g'^' g"^ iV = . (9.17) 

As a result, the holomorphic symplectic two-form 0;'^'°' of T*A4 coincides with 
the canonical holomorphic symplectic two-form, 

^(2,0) 1^^^ ^^a ^ ^^b ^ j^/ ^ -^g) 

10 Topics not covered 

These lectures, which reflect the author's interests, have not touched upon 
several important topics concerning sigma-models in projective superspace. Here 
we would like to make a few comments about some of these developments. 

There exists a large body of research literature on sigma-model couplings of 
Af = 2 tensor multiplets, including the pioneering papers [5J[Tll[3Sj. A complete 
list of references can be found in [13] ■ Self-couplings of 0{2n) multiplets, with 
n > 2, are less studied, see [49] for a review. 

Off-shell 4D Af = 2 superconformal multiplets in projective superspace and 
their general sigma-model couplings were presented in [S2] . In the case of A/" = 2 
tensor multiplets, their superconformal couplings were described much earlier in 
[13 [Ml US]- The most general N = 2 superconformal sigma-models can be realized 



in terms of polar multiplets [52]. They are described by the action (|8.l|) in which 
the Kahler potential obeys the homogeneity conditior*^ 



$^^if(a>,$) = i^($,$) . (10.1) 

The geometric interpretation of such sigma-models, albeit realized in a somewhat 
different form, was given in [64J. Their formulation in terms of A^ = 1 chiral 
superfields, which is obtained upon elimination of the polar multiplet auxiliaries, 
was presented in [37]. 

The projective superspace approach was extended to six [65] [66] and five [5T]l67] 
dimensions (with Ref. [ST] devoted to 5D off-shell superconformal sigma-models). 

General off-shell Af = 2 locally supersymmetric nonlinear sigma-models were 
constructed in (68; . Their properties remain largely unexplored. 

Interesting geometric aspects of sigma-models in projective superspace were 
uncovered in l49l. 



^^The action l |8.4| with the Kiihlcr potential obeying the homogeneity condition i jlO.l^ defines 
a general Af = 1 superconformal sigma-model, see |37l for more details. 
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A Superconformal group 



This appendix contains a summary of the 4D A/'-extended superconformal 
group SU(2,2|7V). Any element g G SU(2,2|A/') is a (4 + A/") x {A + N) super- 
matrix of the form: 



g^^g — 5^, Berg = 1 











(A.l) 



where Ber A stands for the superdeterminant of a supermatrix A [Ml [BS]- In 
a neighborhood of the unit element of SU(2, 2|A/'), every group element can be 
represented in the exponential form: 
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L^n + nL = , strL^O 



(A.2) 



with L an element of the superconformal algebra, su(2,2|A/'). The most general 
expression for L is as follows: 







— i a ■ 


2Va' \ 


L = 










[ 2e/ 


2?? . 





where 



7^ 



At 



-A 



tr A = 



(A.3) 



(A.4) 



Here the matrix elements, which are not associated with the super-Poincare trans- 
formations (2.11b) and (2.21b), correspond to a special conformal transformation 
a = {a ~ , 5-supersymmctry (77^, fj^^), combined scale and chiral trans- 
formation cr, and chiral SU{JV) transformation Ai^ . The case Af — A requires a 
special consideration. 

The 4D Af = 1 superconformal group was introduced by Wess and Zumino [3] . 



51 



B Canonical coordinates for Kahler manifolds 



In this appendix, we recall the concept of canonical coordinates for Kahler 
manifolds [59] , 

Given a Kahler manifold A^, for any point po ^ Ai there exists a neighborhood 
of Pq such that holomorphic reparametrizations and Kahler transformations can 
be used to choose coordinates with origin at pq in which the Kahler potential is 



oo 



m,n>2 

:= -J—Kr...j J-...J . (B.l) 

Such a coordinate system in the Kahler manifold is called canonical. It was first 
introduced by Bochner [59 and extensively used by Calabi [60l . There still remains 
freedom to perform linear reparametrizations which can be used to set the metric at 
the origin, p G A^, to be gjj\ = Sjj. It turns out that the coefficients Kj_^...j^j_^...j^ \ 
are tensor functions of the Kahler metric the Riemann curvature RiJklI ^^'^ 
its covariant derivatives, evaluated at the origin. In particular, one finds 

i^(3,2) ^ ^\/i,Rj^j^j^jJ^'^ . . . ^ (B.2b) 

i^(4,2) ^ j^\/i,\/i,Rj^j^j^j^ I . . <t>'-^J-^J^ , (B.2c) 

x$^i...$^3^Ji 1,^3 (B.2d) 

In the modern literature on supersymmetric sigma-models, some authors, being 
unaware of the work of [5£,, refer to the canonical coordinates introduced as a 
normal gauge |31j or Kahler normal coordinates [70j . 
If A4 is Hermitian symmetric, then 

^LRi,j,i,j,=VLRi,.hi..h=0 =^ i^('"'")=0, m^n. (B.3) 

This follows from the fact that, for Hermitian symmetric spaces, there exists a 
closed- form expression for the Kahler potential in the canonical coordinates [58] : 



Here we have introduced 



9ij\ \ n -f ^ 

.97,71 ; ' • [{R^Yj 

{R^Yj Irk\j\ <i>^<i>^ , (R^Yj {iW} ■ (B.5) 
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C Two-component (iso)spinor conventions 

Four undotted spinors, such as ipa and V'", their indices are raised and lowered 
by the rule: 

r = e"''V'^, ^a=ec,0i'^, (C.l) 

where e"^ and are 2x2 antisymmetric matrices normalized as 

e'' = £21 = 1 . (C.2) 

The same conventions are used for dotted spinors (t/j- and -0"), and for SU(2) 
isospinors {ipi and ip''). Lorentz-invariant spinor bi-products are defined by 

= V"A„ , ^2 = , V^A = Vi^A« , i>^ = i>i,. (C.3) 
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